
Case (2): len(U) – len(V) > k/2 and len(V) z k.

Let n denote the number of iterations when case (2) oc-

curs, with {Ql, Q2, . . . . Q.} the corresponding sequence of
quotients for case 2. It suffices to show that n = 0(1 +

(log V)/lc). We have log Qi > len(U) - len(V) > k for all

i. This gives us (n – l)k << ~~=z log Qi << log V, which

completes this case of the proof.
Case (3): len(V) < k.

Once len(V) falls below k, Algorithm ML performs ex-
actly as the ordinary Euclidean algorithm does. Thus, the
number of iterations for case (3) is O(k), and our proof is

complete. q

Note that this bound is tight in the worst case. Let the
inputs U and V be the n + 1st and nth Fibonacci numbers

(the worst-case inputs for the Euclidean algorithm), Then

n = @(log V), and Algorithm ML will perform @(n/k + k)
iterations. We leave the verification of this to the reader.

4 Complexity

In this section we present an upper bound on the complexity

of Algorithm ML. We begin with a discussion of our model

of computation and a lemma on arithmetic using a k-bit
multiprecision base.

4.1 Model of Computation

Our model of computation is a random access machine
(RAM) with potentially infinite memory addressable at the

bit level. We measure the complexity of an algorithm in

terms of the number of bit operations it performs.
We require the following lemma on the complexity of

arithmetic using a k-bit multiprecision base.

Lemma 3 Let k >0 and U ~ V >0 be integers. Using a

precomputed table of 0(k22k ) bits, it is possible to

. compute the product UV using O(log U+(log U log V)/k)
bit operations, and

l compute the quotient and remainder when dividing U
by V using O(log U + (log V log lU/V] )/k) bit opera-
tions.

Precomputing the table takes O(k222k ) bit operations.

Proof (Sketch) The basic idea is to precompute the product

and quotient/remainder of all pairs of integers ~ 2k. Then,

to perform arithmetic with larger numbers, break their bi-
nary expansions into k-bit blocks and perform the arithmetic
in base 2k, using the precomputed table to compute prod-
ucts and quotients of numbers bounded by 2k. For more

details, see [18, Lemma 4.1]. q

As a corollary, we have that an O(n)-bit integer can be mul-

tiplied or divided by an O(k)-bit integer in O(n) bit opera-
tions, under the same conditions as the lemma above.

Note that, although the construction mentioned in the
previous lemma would not be practical, in practice most
computer hardware performs the multiplication and divi-

sion of integers bounded by the word size of the machine in
effectively constant time. Hence, the performance of mul-
tiprecision arithmetic in practice mirrors the effect of this
lemma, but without any additional work on the part of the

programmer,

4.2 The Main Result

We are now ready to prove the following theorem.

Theorem 4 Let U, V, k be integers with U ~ V > 0 and

k >0. Algorithm ML computes gcd(U, V) using at most

o (logulogv+klo~v+logu+~z

k )
bit operations. 0(k222k ) precomputation time and O(log U+

k22k ) space are also required.

Proof Once len(V) < k, then the time needed by Algorithm
ML is at most O(log U) for the first division, followed by

0(k2) operations afterwards. So we may assume len(V) z k.

We will now examine the time spent in the Lehmer rou-
tine, after which we will examine the time spent performing
the Euclidean steps.

Let n denote the number of times procedure Lehmer is
called. The steps in procedure Lehmer that precede the
repeat loop can be done in O(k + log U) bit operations. Re-

call that all integers used in the loop are bounded by 2k.

Since the loop essentially performs the Euclidean algorithm,

it takes 0(k2) bit operations. And by Lemma 3, the final

mult imprecision step takes O (log U) time. Thus, the total
time spent in procedure Lehmer is 0(n(k2 + log U)). From
the proof of Theorem 2, we have n = 0(1 + (log V)/k), giv-

ing a total time of O((log Ulog V)/k + k log V + log U + k2).
Now let n denote the number of times the Euclidean

steps R := U mod V; U := V; and V := R; are performed
with len(V) ~ k. Let {Qj } denote the sequence of quotients
computed. Then by Lemma 3, the time spent for the jth
Euclidean step is no more than O(log U + (log V log Qj)/k).

Summing over all j, we obtain that the running time is at

most

(

log v n
O nlog U+~ ~ Q)log j .

j=l

But we have ~~=1 log Qj < log U, and from the proof of

Theorem 2 we have n = 0(1 + (log V)/k). This gives us

a total of O(log U + (log U log V)/k) bit operations spent

performing Euclidean steps.
That completes the proof. q

5 Timing Results

We conclude with timing results.
In our first table (Table 1) we have the average running

times of the Euclidean algorithm, the least-remainder Eu-

clidean algorithm, the k-ary (generalized binary) and left-

shift k-ary algorithms, an implementation of Lehmer’s algo-
rithm based on Knuth [1O] (using 15 and 30 bit sizes for ii
and 0), and Algorithm ML for values of k ranging from 5
to 30 bits. This data was obtained using Turbo C+-t- on a
CompuAdd 486/33 PC running MS-DOS version 6. Each
data point is the average time from 100 pseudo-random in-
put pairs.
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Table 1: Average Running Times in CPU Seconds

Input Size in Decimal Digits

Algorithm 100 250 500 1000

Euclidean 0.049 0.245 0.906 3.45

LR Euclidean

lc-ary
LS k-ary

Lehmer (15 bit)

Lehmer (30 bit)

ML with k = 5
ML with k = 10
ML with k = 15

ML with k = 20
ML with k = 25
ML with k = 30

0.044

0.049

0.044
0.041

0.029

0.072
0.055
0.040

0.034
0.029
0.026

0.220

0.171

0.177
0.202
0.119

0.358
0.274
0.201
0.160

0.134
0.117

0.813

0.622

0.578

0.747
0.388
1.319

1.014

0.741
0.582
0.474
0.403

3.10
1.81

1.96

2.85
1.37

5.04
3.89
2.84
2.19
1.77

1.49

This data, though interesting, is highly dependent on the

programmer and the particular computer platform used. In

our next table (Table 2), however, we present data which is
implement at ion independent: the average number of main

loop iterations. This data was generated using the same
met hods as for the first table. For the algorithms based on

Lehmer’s methods, only the number of multiprecision loop
iterations were counted; counting all iterations would simply
give the same count as that of the Euclidean algorithm.

Table 2: Average Number of Main Loop Iterations

Inrmt Size in Decimal Dizits

Algorithm ‘ 100 250 500 fooo

Euclidean 195 483 972 1935

LR Euclidean
k-ary
LS k-ary

Lehmev (I5 bit)
Lehmer (3o bit)

ML with k = 5
ML with k = 10

ML with k = 15
ML with k = 20
ML with k = 25

136 336

86 214

70 175
71 170

34 74

127 316
73 179

50 121

39 91
32 74

675

343
315
337
142

636
359
240

180
144

1345

616
574
667
277

1268
715
476

354
282

ML with k = 30 29 63 121 236

Although modified for purposes of analysis, Algorithm
ML performs nearly as well as a traditional implementa-

tion of Lehmer’s methods. We also observe that, at least for
this implementation, the methods based on Lehmer’s ideas
are very competitive with the k-ary (generalized binary) al-

gorithms.
For timing results using a Unix-based implementation

and the GMP package, see Jebelean [7] and Weber [20].
Other results also appear in [17, 18].

References

[1]

[2]

[3]

[4]

R. P. Brent. Analysis of the binary Euclidean algo-
rithm. In J. F. Traub, editor, Algorithms and Complex-

ity, pages 321–355, Academic Press, 1976.

J. L. Brown and R. L. Duncan. The least remainder
algorithm. Fibonacci Quarterly, 9(4) :347–350, 1971.

G. E. Collins. The computing time of the Euclidean al-
gorithm. SIAM Journal on Computing, 3(1):1-10, 1974.

J. Dixon. The number of steps in the Euclidean algo-
rithm. Journal of Number Theory, 2:414–422, 1970.

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

A. W. Goodman and W. M. Zaring. Euclid’s algorithm

and the least-remainder algorithm. American Mathe-
matical Monthly, 59:156–159, 1952.

G. H. Hardy and E. M. Wright. An Introduction to

the Theory of Numbers. Oxford University Press, 5th

edition, 1979.

T. Jebelean. Comparing several GCD algorithms. In
1Ith IEEE Symposium on Computer Arithmeticj Wind-

sor, Ontario, 1993.

T. Jebelean. A generalization of the binary GCD algo-
rithm. In ISSAC ’93, Kiev, 1993.

T. .Jebelean. Improving the multiprecision Euclidean
algorithm. In DISCO ’93: International Symposium

on Design and Implementation of Symbolic Computa-

tion Systemsj pages 45–58, Springer-Verlag, Gmunden,

Austria, 1993. LNCS 722.

D. E. Knuth. The Art of Computer Programming:

Seminumerical Algorithms. Volume 2, Addison-Wesley,

Reading, Mass., 2nd edition, 1981.

D. H. Lehmer. Euclid’s algorithm for large numbers.
American Mathematical Monthly, 45:227-233, 1938.

G. Norton. Extending the binary GCD algorithm. In

J. Calmet, editor, Proceedings of the 3rd International
Conference on Applied Algebra, Algebraic Algorithms
and Error- Correcting Codes, pages 363–372, Springer-

Verlag, 1985. LNCS 229.

G. Norton. On the asymptotic analysis of the Euclidean
algorithm. Journal of Symbolic Computation, 10, 1990.

G. Norton. A shift-remainder GCD algorithm. In L.
Huguet and A. Poli, editors, Proceedings of the 5th In-

ternational Conference on Applied Algebra, Algebraic
Algorithms and Error- Correcting Codes, pages 350-356,
Springer-Verlag, 1987. LNCS 356.

G. B. Purdy. A carry-free algorithm for finding the
greatest common divisor of two integers. Computers &
Mathematics with Applications, 9(2):311–316, 1983.

A. Schonhage. Schnelle Berechnung von Ketten-

bruchentwicklungen. Acts Informatica, 1:139–144,
1971.

J. Shallit and J. Sorenson. Analysis of a left-shift bi-

nary GCD algorithm. Journal of Symbolic Computa-
tion, 17:473-486, 1994.

J. Sorenson. Two fast GCD algorithms. Journal of
Algorithms, 16:110-144, 1994.

J. Stein. Computational problems associated with
Racah algebra. Journal of Computational Physics,
1:397–405, 1967.

K. Weber, The Accelerated Integer GCD Algorithm.

Technical Report ICM-9307-55, Institute for Computa-
tional Mathematics, Kent State University, July 1993.

258


