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Abstract

Let u and v be positive integers. We show that a slightly

modified version of D. H. Lehmer’s greatest common divisor
algorithm will compute gcd(u, v) (with u > u) using at most

o{(log u log v)/k + k log v + log u + ,%2} bit operations and

O(log u + k22k ) space, where k is the number of bits in the
multiprecision base of the algorithm. This is faster than

Euclid’s algorithm by a factor that is roughly proportional
to k.

Letting n be the number of bits in u and W, and setting

k = [(log n)/4], we obtain a sub quadratic running time of

0(n2 / log n) in linear space.

1 Introduction

Let u and v be positive integers. The greatest common divi-
sor (GCD) of u and v is the largest integer d such that d di-

vides both u and v, The most well-known algorithm for com-

puting GCDS is the Euclidean Algorithm. Much is known
about this algorithm: the number of iterations required is

@(log v), and the worst-case running time is @(log u log v),
where time is measured in bit operations. For further infor-
mation, see [3, 4, 13] and also [10].

However, for multiprecision inputs, the Euclidean algo-
rithm is not the best choice in practice. This is primarily
because a multiprecision division operation is relatively ex-

pensive. D. H. Lehmer observed that many of these division
steps can be avoided [11, 10]. His idea was to extract the

leading digits & and 6 of u and v, and run the Euclidean

algorithm on these single precision approximations of the in-
puts. A prefix of the resulting quotient sequence will match
that of the actual inputs u and u, since v/u % G/G. In

essence, this quotient sequence prefix can be applied to u
and v in one multiprecision arithmetic step, thereby effec-
tively “skipping” several multiprecision divisions. The re-
sulting algorithm appears to be much more efficient than
Euclid’s algorithm in practice on large inputs. However, no
rigorous theoretical support for this behavior is known.
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In this paper, we remedy this situation by analyzing a

slight modification of Lehmer’s Euclidean GCD algorithm.
This modified version, which we denote Algorithm ML,

makes use of Jebelean’s exact condition for determining the

matching quotient sequence mentioned above [9]. In addi-
tion to the inputs u and v, Algorithm ML has a parameter k
which indicates how many leading bits are used to compute

the approximations ti and t. We present our modified algo-
rithm, along with some notation and background, in Section
2.

We then prove the following:

●

●

On inputs u, v, with u > v, and parameter k, Algo-
rithm ML computes gcd(u, v) using at most

W?’k)
iterations of its main loop.

Our proof relies on a simple, but important lemma on
continued fractions. We present this result in Section
3.

On inputs u, v, with u > v, and parameter k, Algo-
rithm ML computes gcd(u, v) using at most

o log u log v

( k
+klogv+logu+k2

)

bit operations and O(log u + k22k ) space.

If u and v are at most n bits in length, then by set-
ting k = L(log n)/4j we obtain an algorithm with a
subquadratic running time of 0(n2/ log n) using O(n)

space.

Our proof relies not only on a bound for the number
of iterations, but also on some simple results on arith-
metic involving small numbers. We present this result

in Section 4.

Thus, for small values of k, we have shown that our mod-
ified version of Lehmer’s algorithm is faster than Euclid’s

algorithm by a factor proportional to k.
Although our results do not directly apply to most other

implement at ions of Lehmer’s methods, we expect that on
typical inputs, the performance of Algorithm ML will be
similar, if not inferior.

There are a number of algorithms, in addition to the Eu-
clidean algorithm, for computing GCDS: the least-remainder
Euclidean algorithm [5, 2], the binary algorithm [1, 10, 12,
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19], the left-shift binary algorithms [1, 17], the k-ary or gen-

eralized binary algorithms [18, 8, 20], and others [14, 15].

The asymptotically fasted GCD algorithm is based on FFT

methods and is due to Schonhage [16]. It has a running time

of O(n log2 n log log n) bit operations on inputs of n bits in

length, but this algorithm is not considered practical. The k-
ary algorithms mentioned above have 0(n2 / log n) running

times, and are quite practical. The rest of the algorithms
listed above have O (n2 ) running times. For a performance
comparison, see [7] and [18].

Note that our Algorithm ML has a running time that is
competitive with the k-ary algorithms, currently the fastest
practical GCD algorithms. However, using Lehmer’s meth-

ods provides two advantages: the running time is sensitive

to the size of the smaller of the two inputs, and the exact

quotient sequence of the Euclidean algorithm is generated,

which may be needed in applications involving continued

fractions.

In Section 5, we present some performance results com-

paring Algorithm ML with several other GCD algorithms.
For references on parallel GCD algorithms, see [18].

2 The Algorithm

In this section, we present our modified version of Lehmer’s
Euclidean GCD algorithm. We begin by briefly describing
the main loop. We then review some standard notation
regarding the sequences computed by the Euclidean algo-

rithm. Finally, we present procedure Lehmer, the heart of

the algorithm.

2.1 The Main Loop of Algorithm ML

Below, we give a Pascal-like pseudocode description of our

main loop. As a convention, we use uppercase variable
names to denote multiprecision integers, and lowercase vari-

able names for single precision integers. For most computers
today, O < k ~ 64.

Let len(z) denote the number of binary digits in the pos-

itive integer x, so that !en(z) := [log~ z] + 1 when x > 0,
and len(0) = 1.

Algorithm ML

INPUT: Integers U, V, k, with U ~ V >0 and k > O;
OUTPUT: gcd(U, V);

while V # O do
if len(U) – len(V) s lc/2 then

Lehmer(U,V,k);
end ifi
R := U mod V;

U:= V; V:=R;
end while;
output(u);

This is Euclid’s algorithm with the insertion of a con-

ditional call to the Lehmer procedure, which we will dis-
cuss below. Note that although we perform a division, or
Euclidean step, every iteration, the number of iterations is
significantly smaller than that of the Euclidean algorithm,

due to the Lehmer procedure.
In practice, pointers may be used for U, V, and R to

save time in the copy steps U := V; and V := R;.

2.2 Sequences Based on Euclid’s Algorithm

We now require the following definitions and notation.

Let u and v, with O < v < u, denote the inputs to the

algorithm. Then let the remainder sequence {ui } be defined
as follows:

Uo = u;

~1 = ‘o;

Z&+z = w mod Ui+l (i> o).

The quotient sequence {qi } is given by

qi+l = lui/ui+lJ (i> O).

The consequences {xi }, {yi } are defined by

($0, YO) = (1,0),

(X,, y,) = (o, 1),

(Z2+2, Yi+2) = (Z,, Vi) – gi+l(~i+l, Vi+l) (22 o),

and satisfy the identity

Ui = Zi.’a+yi. w (i ~ O).

2.3 The Lehmer Subroutine

The Lehmer routine performs the single precision calcu-

lations that allow us to combine several Euclidean steps

into a single multiprecision calculation. The idea is quite

simple. First, we construct approximations ii and 8 to the

multiprecisicm integers U and V. We then perform Euclid’s

algorithm on ii and ti, while keeping track of the quotient

sequence and the consequences. We make use of Jebelean’s
exact condition to determine when the quotient sequence
differs from that of V/U [9]. Finally, we use the consequences

to compute the new U and V values.

Procedure Lehmer(U,V,k)

h := len(U) – k;

u := [u/2h J; i := [v/2hJ;

(Xo, yo) := (1,0); (Zl, yl) := (0,1);i := o.
done ~= false;

repeat
Qi+l := [?l/oJ;

(~i+2, Yi+2) := (~i, Yi) – 9i+l (~i+l, ?Ji+l);
(i-i, ‘b) := (0, ‘ii – qz+, ti);

i:=i+l;
{ Determine if qa is correct (Jebelean’s condition). }

if i is even then

done := 0< –xi+l or i – t < yi+I - Y;;

else
done := 6< –Yi+l or ii – O < xi+l – xi;

endif;

until done;

{ We know q,,..., qi-l were correct, qi as incorrect. }
(U, V) := (Zi-l W+ Yi-lV, Xiu+YiV);

return;

Observe that L and 0 can be found via bit extraction; 2h
is not needed, nor is the multiprecision division. Also, since
& o < 2k, all integers represented by lowercase variables are

at m~st 2k in abs~lute value. Finally, arrays for the quotient
sequence and the consequences are not required; only the last

3 terms of each sequence are needed.
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3 Counting Iterations Since an+l/b~+l is closer to Q than to ~, and a~+l/b~+l is
closer to /3 than to a, neither of the convergents lie in the in-

In this section we prove an upper bound on the number

of iterations of the main loop of Algorithm ML needed to

compute the gcd(u, v). We begin with an important but
simple lemma on cent inued fractions.

3.1 A Lemma on Continued Fractions

Let o = v/u so that O < Q <1. Then the continued fraction

expansion of a is

Cl=[o, ql, qz, . . .1

where {q~ } is the quotient sequence for u and w as defined
previously. The convergent an/bn to a are rational numbers
in reduced form given by

?
=[o, ql,’q2,..., qn] (n> O)

and are related to the consequences by

(ai, bi) = (Izi+ll, lw+Il) (i> o).

Note that xa/y~ <0 for i >1.

Consider the continued fraction expansions of two real

numbers a and ,8. If a and ~ are approximately equal,
then for some n > 0, the first n quotients in their quotient

sequences will match. We would expect that, the smaller
the value of la – PI, the closer the nth convergent a~/bn
come to approximating both a and ~.

In the following lemma, we prove this conjecture. Note

that a and ,6 may be either rational or irrational.

Lemma lLet 0<cr<,8<l, with ]a–~l<d. Letnbe

the unique non-negative integer such that, i.. the continued
fraction expansions of Q and ~ are

a = [O,q,,... 1> %, %+1,...,

o = [Olqi,..., q:, q:+l],..],

then q~ = q: for all i ~ n, and qn+l # q~+l. Let an~b~ be
the nth convergent to Q (and ~), Then

Proof Let a: /b~ be the ith convergent to ,6, so that (a,i, bi) =

(a~, bj) for i s n.

First we assume bn+l ~ l/@. Then, by Theorem 171
of [6], we have

and

v’%

:–P < ;–a+lc–m+r.
n n n

The case when b~+l z 1f~ is similar.

So we may assume that bn+l, b~+l < I/&. We will
show this case leads to a contradiction. By Theorem 184 of
[6], we have

terval [a, ,8]; we must have an+l/b~+l <0 and u~+l/b~+l >
~. This contradicts the fact that convergent are alternately

smaller and larger than what they converge to (see [6, The-

orem 164]). ❑

3.2 The Main Result

The following theorem establishes an upper bound on the

number of iterations of the main loop of Algorithm ML.

We write f(n) ~ g(n) to denote f(n) = O(g(n)).

Theorem 2 Let U > V ~ O and k >0 be integem. Algo-
rithm ML requires at most

o k+y)(
iterations of its main loop to compute gcd(U, V)

Proof For each iteration of the main loop we have either

1. len(U) – len(V) ~ k/2 and len(V) ~ k or

2. len(U) – len(V) > k/2 and len(V) ~ k or

3. len(V) < k.

We will show that there are at most 0(1 + (log V)/k) it-
erations of types (1) and (2), and O(k) iterations of type

(3).
Case (l): len(U) – len(V) < k/2 and len(V) ~ k.

Our goal is to establish that

Xtu +yiv << u2–k12,

where i, xi, and y~ are as computed by the Lehmer rou-
tine. Assuming this is true, then it is easy to complete our

theorem, as we now explain.

Observe that z~U + y;V is the final value of U after one
loop iteration; after Lehmer finishes, the Euclidean step
copies this value from V to U. As a result, each case (1)

iteration reduces U by a factor >> 2~f 2. Hence the number

of iterations is at most 0(1 + (log V)/k): 1 for the first
iteration, and (log V)/k for the rest, since V is an upper

bound for U during the second and subsequent iterations.

We now proceed to prove our claim.
The Lehmer routine computes the value i and con-

structs the quotient sequence

ti/ti=[o, ql, . . .>qi–l, qi, . . .1

such that, if {Qj } is the quotient sequence for V/U, then
qj=Q3forj <i.

First we assume ly~ \ z 2kf2. Since lzz/g~ I are convergent

to V/U, by [6, Theorem 171] we have

< u/\yil < u2-k/2.

So now we may assume ly~ \ < 2~/2. We will apply
Lemma 1 with a, ~ 6 {ti/ti, V/U}, n = i – 1, and d =

0(2-k ). Since the convergent a~/b~ = \z~/y~ 1, we have



Case (2): len(U) – len(V) > k/2 and len(V) z k.

Let n denote the number of iterations when case (2) oc-

curs, with {Ql, Q2, . . . . Q.} the corresponding sequence of
quotients for case 2. It suffices to show that n = 0(1 +

(log V)/lc). We have log Qi > len(U) - len(V) > k for all

i. This gives us (n – l)k << ~~=z log Qi << log V, which

completes this case of the proof.
Case (3): len(V) < k.

Once len(V) falls below k, Algorithm ML performs ex-
actly as the ordinary Euclidean algorithm does. Thus, the
number of iterations for case (3) is O(k), and our proof is

complete. ❑

Note that this bound is tight in the worst case. Let the
inputs U and V be the n + 1st and nth Fibonacci numbers

(the worst-case inputs for the Euclidean algorithm), Then

n = @(log V), and Algorithm ML will perform @(n/k + k)
iterations. We leave the verification of this to the reader.

4 Complexity

In this section we present an upper bound on the complexity

of Algorithm ML. We begin with a discussion of our model

of computation and a lemma on arithmetic using a k-bit
multiprecision base.

4.1 Model of Computation

Our model of computation is a random access machine
(RAM) with potentially infinite memory addressable at the

bit level. We measure the complexity of an algorithm in

terms of the number of bit operations it performs.
We require the following lemma on the complexity of

arithmetic using a k-bit multiprecision base.

Lemma 3 Let k >0 and U ~ V >0 be integers. Using a

precomputed table of 0(k22k ) bits, it is possible to

. compute the product UV using O(log U+(log U log V)/k)
bit operations, and

● compute the quotient and remainder when dividing U
by V using O(log U + (log V log lU/V] )/k) bit opera-
tions.

Precomputing the table takes O(k222k ) bit operations.

Proof (Sketch) The basic idea is to precompute the product

and quotient/remainder of all pairs of integers ~ 2k. Then,

to perform arithmetic with larger numbers, break their bi-
nary expansions into k-bit blocks and perform the arithmetic
in base 2k, using the precomputed table to compute prod-
ucts and quotients of numbers bounded by 2k. For more

details, see [18, Lemma 4.1]. ❑

As a corollary, we have that an O(n)-bit integer can be mul-

tiplied or divided by an O(k)-bit integer in O(n) bit opera-
tions, under the same conditions as the lemma above.

Note that, although the construction mentioned in the
previous lemma would not be practical, in practice most
computer hardware performs the multiplication and divi-

sion of integers bounded by the word size of the machine in
effectively constant time. Hence, the performance of mul-
tiprecision arithmetic in practice mirrors the effect of this
lemma, but without any additional work on the part of the

programmer,

4.2 The Main Result

We are now ready to prove the following theorem.

Theorem 4 Let U, V, k be integers with U ~ V > 0 and

k >0. Algorithm ML computes gcd(U, V) using at most

o (logulogv+klo~v+logu+~z

k )
bit operations. 0(k222k ) precomputation time and O(log U+

k22k ) space are also required.

Proof Once len(V) < k, then the time needed by Algorithm
ML is at most O(log U) for the first division, followed by

0(k2) operations afterwards. So we may assume len(V) z k.

We will now examine the time spent in the Lehmer rou-
tine, after which we will examine the time spent performing
the Euclidean steps.

Let n denote the number of times procedure Lehmer is
called. The steps in procedure Lehmer that precede the
repeat loop can be done in O(k + log U) bit operations. Re-

call that all integers used in the loop are bounded by 2k.

Since the loop essentially performs the Euclidean algorithm,

it takes 0(k2) bit operations. And by Lemma 3, the final

mult imprecision step takes O (log U) time. Thus, the total
time spent in procedure Lehmer is 0(n(k2 + log U)). From
the proof of Theorem 2, we have n = 0(1 + (log V)/k), giv-

ing a total time of O((log Ulog V)/k + k log V + log U + k2).
Now let n denote the number of times the Euclidean

steps R := U mod V; U := V; and V := R; are performed
with len(V) ~ k. Let {Qj } denote the sequence of quotients
computed. Then by Lemma 3, the time spent for the jth
Euclidean step is no more than O(log U + (log V log Qj)/k).

Summing over all j, we obtain that the running time is at

most

(

log v n
O nlog U+~ ~ Q)log j .

j=l

But we have ~~=1 log Qj < log U, and from the proof of

Theorem 2 we have n = 0(1 + (log V)/k). This gives us

a total of O(log U + (log U log V)/k) bit operations spent

performing Euclidean steps.
That completes the proof. ❑

5 Timing Results

We conclude with timing results.
In our first table (Table 1) we have the average running

times of the Euclidean algorithm, the least-remainder Eu-

clidean algorithm, the k-ary (generalized binary) and left-

shift k-ary algorithms, an implementation of Lehmer’s algo-
rithm based on Knuth [1O] (using 15 and 30 bit sizes for ii
and 0), and Algorithm ML for values of k ranging from 5
to 30 bits. This data was obtained using Turbo C+-t- on a
CompuAdd 486/33 PC running MS-DOS version 6. Each
data point is the average time from 100 pseudo-random in-
put pairs.
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Table 1: Average Running Times in CPU Seconds

Input Size in Decimal Digits

Algorithm 100 250 500 1000

Euclidean 0.049 0.245 0.906 3.45

LR Euclidean

lc-ary
LS k-ary

Lehmer (15 bit)

Lehmer (30 bit)

ML with k = 5
ML with k = 10
ML with k = 15

ML with k = 20
ML with k = 25
ML with k = 30

0.044

0.049

0.044
0.041

0.029

0.072
0.055
0.040

0.034
0.029
0.026

0.220

0.171

0.177
0.202
0.119

0.358
0.274
0.201
0.160

0.134
0.117

0.813

0.622

0.578

0.747
0.388
1.319

1.014

0.741
0.582
0.474
0.403

3.10
1.81

1.96

2.85
1.37

5.04
3.89
2.84
2.19
1.77

1.49

This data, though interesting, is highly dependent on the

programmer and the particular computer platform used. In

our next table (Table 2), however, we present data which is
implement at ion independent: the average number of main

loop iterations. This data was generated using the same
met hods as for the first table. For the algorithms based on

Lehmer’s methods, only the number of multiprecision loop
iterations were counted; counting all iterations would simply
give the same count as that of the Euclidean algorithm.

Table 2: Average Number of Main Loop Iterations

Inrmt Size in Decimal Dizits

Algorithm ‘ 100 250 500 fooo

Euclidean 195 483 972 1935

LR Euclidean
k-ary
LS k-ary

Lehmev (I5 bit)
Lehmer (3o bit)

ML with k = 5
ML with k = 10

ML with k = 15
ML with k = 20
ML with k = 25

136 336

86 214

70 175
71 170

34 74

127 316
73 179

50 121

39 91
32 74

675

343
315
337
142

636
359
240

180
144

1345

616
574
667
277

1268
715
476

354
282

ML with k = 30 29 63 121 236

Although modified for purposes of analysis, Algorithm
ML performs nearly as well as a traditional implementa-

tion of Lehmer’s methods. We also observe that, at least for
this implementation, the methods based on Lehmer’s ideas
are very competitive with the k-ary (generalized binary) al-

gorithms.
For timing results using a Unix-based implementation

and the GMP package, see Jebelean [7] and Weber [20].
Other results also appear in [17, 18].
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